The equations for the extended Lord-Shulman (LS) and Green-Lindsay (GL) models are solved for thermoelastic analysis in a semi-infinite medium by employing a finite element method using the theory of virtual displacement and the implicit Newmark algorithm. Simulations for both one-dimensional (1D) and two-dimensional (2D) models are performed to achieve the best approximation under prescribed boundary conditions. The effects of thermoelastic coupling factors and relaxation parameters on thermomechanical behavior of the medium are discussed for the two models. The results are consistent with our previous work using the Laplace transformation method.
Coupled Finite Element Analysis of Generalized
Thermoelasticity in Semi-Infinite Medium
Introduction
The classical Fourier heat conduction theory is based on the parabolic Partial Differential Equation (PDE) which assumes instantaneous heat propagation to infinitely distant locations. However, it is both physically unrealistic and inadequate to describe heat conduction (1) - (3) . A finite speed of heat propagation can be taken into account with thermal relaxation time, which is based on hyperbolic equations of heat conduction and shows heat propagation as a wavelike phenomenon. A detailed review on the hyperbolic thermoelastic models can be found in Refs. (1) and (2) . In these models significant attention is given to various aspects of linear models. For the linear theories with relaxation times, most interest has been generated by models formulated by Lord and Schulman (LS) (4) , Green and Lindsay (GL) (5) , who have presented their formulation with flexibilities in various situations. The most recent progress in the generalized thermoelastic theory proposed by Tzou (6) , Tang et al. (7) , and Zhou et al. (8) is on the modification of the LS model according to the Jeffreys' type heat-flux equation (9) . Later, Tang et al. (10) presented a set of constitutive equations regarding general-ized thermoelasticity, including the GL theory, the LS theory and the extended LS theory in mathematical terms. With the generalized theory, they performed the quantitative analysis using the Laplace transformation method and discussed the effects of various relaxation times and thermoelastic coupling factors on thermoelasticity in a semiinfinite medium. In this regard, they presented different propagating characteristics of thermal and elastic waves.
The purpose of this paper is to demonstrate the validity of a different modeling approach. We solve a thermoelasticity problem for a semi-infinite medium by using the finite element method with standard elements of FEPG (Finite Element Program Generator) for 1D and 2D models, respectively. The thermoelastic behavior in these mediums is fundamentally 1D. A brief discussion of the 1D model is given in the first part of section 4 and more detailed discussion on such models is given in Ref. (10) . A 2D approximation is subsequently proposed in section 4 in order to improve the 1D model regarding implementation of the boundary condition of strain. The effects of thermoelastic coupling factors and relaxation parameters on thermomechanical behavior of the medium are calculated utilizing the finite element method and virtual work method developed by the FEPG system and compared with the results using the Laplace transformation method. Preliminary discussion on singular boundary condition is presented at the end of this paper.
Constitutive Model and Boundary Conditions
From the generalized thermoelastic theories, we can deduce the following constitutive equations (10) , of which the equation of motion is
and the stress equation is
where ρ is the density, u i the displacement tensor, ε i j the small strain tensor, σ i j the stress tensor, T the absolute temperature, λ and µ the Lame constants, α the linear thermal expansion coefficient, k the thermal conductivity, τ 0 the thermal relaxation time for heat flux, τ 2 the thermal retardation time for temperature gradient (or heat flux), T 0 the initial temperature, and c E the specific heat at constant strain. τ 1 and τ 3 are time parameters, while according to the corresponding equations, τ 1 describes the effect of temperature gradient on displacement and stress, and τ 3 describes the effect of acceleration of strain on temperature. τ 2 can be estimated by the dual-phase-lag model (6) 
where q i is the heat flux vector. When the effects of τ 1 and τ 2 are ignored, the generalized thermoelastic model is reduced to LS theory. When τ 3 = τ 0 , the parameter τ 2 can also remain in Eq. (2), then the generalized thermoelastic model is reduced to the extended LS theory in which τ 2 > τ 0 are logically permitted (but not physically yet). When the effects of τ 2 and τ 3 are ignored, the generalized thermoelastic model reduces to GL theory in which τ 1 ≥ τ 0 . When all these parameters with dimension of time are removed, the generalized thermoelastic model reduces to the classical linear dynamic theory of thermoelasticity.
By introducing the following non-dimensional vari-
, the non-dimensional equations for generalized thermoelastic theories can be obtained:
, and E i j the non-dimensional form of ε i j .
As an example, we consider here a 1D problem with the following dimensionless initial and boundary conditions:
The boundary condition for non-dimensional temperature at Λ > 0 is a case of Heaviside function. The function produces at the surface X = 0 the step-like temperature rise from a uniform temperature T 0 to a surface temperature 2T 0 . With the governing equations and initial and boundary conditions, the finite element method that uses the theory of virtual work can then be utilized for decoupling of displacement and temperature, and further calculation of stress.
Finite Element Implementation
For a given set of PDEs, e.g., A(u) = {A 1 (u), A 2 (u), ···} T = 0 in a domain Ω, together with certain boundary conditions B(u) = {B 1 (u), B 2 (u),···} T = 0 on the boundaries of the domain, Γ, the following equation will be satisfied since the PDE set must equal to zero within the domain Ω:
T is a set of arbitrary functions with the same degree of freedom as A(u) or B(u) and is usually named as the virtual displacement (11) . The variable u can be solved on many occasions through performing integration by parts on Eq. (8), then the alternative form of the equation can be attained:
in which C( ), D( ), E( ), and F( ) are the differential operators and their orders are usually lower than A, which means a lower order of continuity is required in the choice of u when a higher order of continuity for v must be satisfied. Since v has no originally required continuity, it is easy to improve its continuity. The above equation is usually called the weak form of the PDEs, for which we can solve u by substituting B(u) before using the finite element method.
With the proper selection of virtual displacement functions, the 1D equations for generalized thermoelastic model change into the following equations of virtual work:
where n i is the directional cosine of the outside normal vector on Γ. Similarly, we get the weak form of the stress equations as
(a) 100 matrix elements in the line for 1D model (b) 100 × 10 matrix elements in the layer for 2D model 
With the virtual work equations or the weak forms of the PDEs being obtained, we can now use the finite element methods specified in FEPG system. The implicit Newmark algorithm is adopted for time discretization in solving Eqs. (12) and (13), because both of the equations are in wave form, containing the first and second time derivatives of their governing variables. Details of the implicit Newmark algorithm are in Ref. (12) . At each time step, the least square method is employed to obtain solution of Eqs. (14) - (16) once the displacement and temperature at that time step are calculated. This is done so that variations of stress and time can be observed simultaneously.
Thermoelastic Coupling in Semi-Infinite Medium
We designate firstly U to be zero at X = 0 for Λ > 0. Numerical damping is introduced in this example and the following examples to eliminate the above-mentioned oscillation without obvious distortion error being produced. The in-plane (top) view of the meshes is shown in Fig. 1 (a) , with 100 matrix elements (101 nodes) along the X coordinate. Figure 2 shows the temperature and strain distributions in the considered semi-infinite medium at different dimensionless times for β 1 = 0, β 3 = β 0 = 0.8, and various values of β 2 and δ (a case of the extended LS theory). When the thermoelastic coupling factor varies from zero (the non-coupling point) to 0.08 (and reasonably higher), the amplitudes of temperature and strain will slightly increase and decrease, respectively. When β 2 varies from zero (with wave fronts being observed for both temperature and strain fields), the wave fronts become smooth by the thermal retardation effect of heat flux, and the temperature field presents wave-like characteristics for β 2 ≤ β 0 and diffusion characteristics for β 2 > β 0 . The results are completely consistent with those using the Laplace transformation method (10) . To satisfy U = 1 at X = 0 for Λ > 0, we extend the 1D model to a 2D model. The ratio of sizes along Y coordinate and X coordinate is 10 : 1, so that the 1D condition can be obtained approximately on the centerline Fig. 1 (b) , with 100 × 10 matrix elements (101 × 11 nodes) in the layer. Figure 3 outlines the iso-surfaces for both temperature and strain fields at the 100th time step (other time steps behave in the same way). From this figure, we can see the effectiveness of 2D model. Figure 4 shows the temperature and strain distributions under considering semi-infinite medium at different dimensionless times for the same case of the extended LS theory. The analytical results are consistent with those by 1D model, except for the faster temperature responses in early time, due to the higher numerical damping than in 1D model. With the strain boundary satisfied, the strain field varies reasonably from 1 to 0, and the wave fronts are more clearly observed for β 2 ≤ β 0 . We also calculate the temperature and strain distributions in the considered semi-infinite medium at different dimensionless times for β 2 = β 3 = 0, β 0 = 0.8, and vari- The results show that the thermoelastic coupling factor affects the amplitude of temperature and strain in the same way as demonstrated in the extended LS theory. Although β 1 < β 0 is usually considered to be unreasonable (13) , we present here the results of this case for convenience of illustrative comparison. For β 1 < β 0 , the results are similar to the case of β 2 = 0 in the extended LS model (the LS model), of which wave fronts are observed for both temperature and strain fields. For β 1 ≥ β 0 , the amplitudes increase dramatically at early time with the increase of β 1 for the strain field, while for the temperature field it matches that of the extended LS theory. Differing from the effect of β 2 that controls the transition between diffusion and wave propagations for the extended LS theory, the presentation of β 1 shows that the strain field in the medium has wave characteristics, which becomes more and more clear as β 1 increases.
Conclusions
In this paper, numerical simulations of thermoelastic coupling in semi-infinite medium have been demonstrated and compared with results by the Laplace transformation method. An approximate 2D model using FEPG has been used to simulate the 1D responses of temperature and strain in the prescribed semi-infinite medium for both extended LS and GL models. Results from 2D analysis present strong agreement between the finite element solutions and Laplace transformation solutions.
This numerical simulation method can simultaneously solve the set of equations with variables coupling to each other. It can also solve problems with time-dependent boundary conditions. The flexibility and demonstrated performance in predicting thermoelastic coupling allows the technique to be used for other issues with coupling parameters and time-dependent boundary condition, including thermo-plastic, thermo-seepage, thermo-magnetic, thermo-hydro-mechanic, elasto-plastic, elasto-thermo-visco-plastic, elasto-seepage, and electromagnetic coupling problems, etc. Our future work will focus on methodological refinement to extend application of the numerical simulations of thermoelastic coupling issues, such as surface temperature response of a metal sheet under high speed laser heating and the structural optimization of a slab with Gaussian heat adsorption on one side and well-stirred liquid cooling on the other.
